弱Konigの補題,弱弱Konigの補題の一様版 (シークエント計算による証明論) by 坂本, 伸幸
Title弱Konigの補題,弱弱Konigの補題の一様版 (シークエント計算による証明論)
Author(s)坂本, 伸幸









, base theory , K\"onig
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, Brower , $[0, 1]$
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$\mathrm{W}\mathrm{K}\mathrm{L}_{0}$
$\bullet$ (Friedman) Ylg PRA ,
$\bullet$ (Harrington, Simpson, Tanaka, Yamazaki) $\forall X\exists!Y\varphi(X, Y)$ ( $\varphi$ )
$\mathrm{R}\mathrm{C}\mathrm{A}_{0}$ .
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Vitali , Compact Borel
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$\mathrm{P}\mathrm{A}$ ( g PRA
) .
, Kohlenbach , . ,





, 2 . 2 [5] .
21 $(\mathcal{L}_{2})$ . $2$ $\mathcal{L}_{2}$ , $x,$ $y,$ $z,$ $\ldots$ $X,$ $Y,$ $Z,$ $\ldots$
2 , 0, 1, $+,$ $\cdot$ , .
22( ). \Sigma 8 , $4\mathrm{b}$ $\forall x<t,$ $\exists x<t$
( $x$ , $t$ # $x$ ) . \Sigma 8+1
, HO $A(x)$ , $\exists xA(x)$ . , $A(x)$
( $x$ ) . . Ho+l ,
\Sigma 8 $A(x)$ , $\forall xA(x)$ . \Sigma 01 ,
$n$ \iota $\Sigma_{n}^{0}$ . \Sigma 01 01
. \Sigma nl+l , $n1$ $A(X)$ , $\exists XA(X)$
. \Pi \lambda +1 , \Sigma h $A(X)$ , $\forall XA(X)$
. $i=0,1,j=0,1,$ $\ldots$ , \Sigma ) , \Pi )
$\Sigma_{j}^{i},$ $\Pi_{j}^{i}$ .
23 $(\mathrm{R}\mathrm{C}\mathrm{A}_{0})$ . $\mathrm{R}\mathrm{C}\mathrm{A}_{0}$ $\mathcal{L}_{2}$ , $(\omega, +, \cdot, 0,1, <)$ &
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( , $\omega$ ) $\Sigma_{1}^{0}$
$A(0)\wedge\forall x(A(x)arrow A(x+1))arrow\forall xA(x)$
( $A$ $\Sigma_{1}^{0}$ ) $\triangle_{1}^{0}$
$\forall n(A(n)rightarrow B(n))arrow\exists X\forall n(n\in Xrightarrow A(n))$
( $A$ $\Sigma_{1}^{0}$ , $B$ 01 $X$ ) .
$\mathrm{R}\mathrm{C}\mathrm{A}_{0}$ , 2 1 .
$\langle i,j\rangle$ . , .
$s_{0},$ $s_{1},$ $\ldots,$
$s_{n}$ $\langle s_{0}, s_{1}, \ldots, s_{n}\rangle$ . Seq ,
0, 1 $\mathrm{S}\mathrm{e}\mathrm{q}_{2}$ . ,
. $(s)_{i}$ $p\mathrm{I}\mathrm{J}$ $s$ $i+1$ . ,
$s=\langle s_{0}, s_{1}, \ldots, s_{n}\rangle$
, $(s)_{i}=s_{i}$ . , $1\mathrm{h}(s)$ $p\mathrm{I}\mathrm{J}$ $s$ . $X$
H , $(X)_{i}$




24(WKL, WWKL). 0-1 , $\mathrm{S}\mathrm{e}\mathrm{q}_{2}$ .
$f$ : $\mathbb{N}arrow \mathbb{N}$ 0-1 $T$ , $\forall n\langle f(0), f(1), \ldots, f(n)\rangle\in T$
. 0-1 $T$ ,
$\exists m\forall n\#\{\sigma\in T:1\mathrm{h}(\sigma)=n\}>2^{n-m}$
. , $\# A$ $A$ .
K\"onig , 0-1 . K\"onig
, 0-1 .
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K\"onig WKL K\"onig WWKL
. $\mathrm{R}\mathrm{C}\mathrm{A}_{0}$ WKL $\mathrm{W}\mathrm{K}\mathfrak{h}$ .
2 WKL , .
25. RCA0 , .
(1) WKL.
(2) $\forall X$ \exists Y $\forall n$ ( (X)n 0-1 \rightarrow (Y) $(X)_{n}$ ).
(3) $\forall X$ (\forall n(X) 0-1 $arrow\exists Y\forall m($Y) (X) ) $)$ .
(2) $arrow(3),$ (3) $arrow(1)$ , .
(1) $arrow(2)$ . $\mathrm{W}\mathrm{K}\mathrm{L}_{0}$ 01 ([5] VIII.2.5.)
, WKL0 01
$\exists Z\forall n\forall U(A(n, U)arrow A(n, (Z)_{n}))$
( $A$ 0 , $Z$ )
. $A(n, U)$ $U$ $(X)_{n}$ $\Pi_{1}^{0}$
.
3 K\"onig , K\"onig
, . [2] .
$\mathrm{E}- \mathrm{P}\mathrm{R}\mathrm{A}^{\omega}$ , ( 0 \rightarrow
) , $\delta$, $\rho,$ $\tau$ , combinator $\Pi_{\rho,\tau},$ $\Sigma_{\delta,\rho,\tau}$ , Kleene
( ), 0
,
$A_{0}(0)\wedge\forall x^{0}(A_{0}(x)arrow A_{0}(x+1))arrow\forall A_{0}(x)$
( $A_{0}$ ) , $\rho$ , $\tau$
(E) : $\forall x^{\rho}\forall y^{\rho}\forall z^{\rhoarrow\tau}(x=_{\rho}yarrow zx=_{\tau}zy)$
. , 0
$\ovalbox{\tt\small REJECT}_{0}$ . \rho $=\rho_{1}arrow\cdotsarrow\rho_{k}arrow 0\neq 0$ G $\iota 1$ $x=_{\rho}y$ (
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$\forall z_{1}^{\rho_{1}}\cdots\forall z_{k}^{\beta k}(xz_{1}\cdots z_{k}=_{0}yz_{1}\cdots z_{k})$ $=_{0}$ . ( ,




$\mathrm{Q}\mathrm{F}- \mathrm{A}\mathrm{C}^{\rho,\tau}$ : $\forall x^{\rho}\exists y^{\tau}A_{0}(x, y)arrow\exists Y^{\rhoarrow\tau}\forall x^{\rho}A_{0}(x, Yx)$
( $A_{0}$ ) .
31. $\mathrm{E}$-PRA‘ $+\mathrm{Q}\mathrm{F}- \mathrm{A}\mathrm{C}^{0,0},$ $\mathrm{E}$-PRA’ $+\mathrm{Q}\mathrm{F}- \mathrm{A}\mathrm{C}^{1,0}$ RCA0 .
[3] .
25 , .
32. $\mathrm{E}$-PRA’ $+\mathrm{Q}\mathrm{F}- \mathrm{A}\mathrm{C}^{0,0}+\mathrm{W}\mathrm{K}\mathrm{L}$ ,
$\forall f^{0arrow 1}\exists g^{0arrow 1}\forall n^{0}$ ( $fn$ 2 $arrow gn$ $fn$ )
.
, K\"onig
$\mathrm{E}$-PRA’ $+\mathrm{Q}\mathrm{F}$-AC0,0 WKL . ,
K\"onig . , WKL
. .
33. $(\exists^{2})$
$\exists\varphi^{2}\forall f^{1}(\varphi f=0rightarrow\exists x^{0}(fx=0))$
.
$\mathrm{E}- \mathrm{P}\mathrm{R}\mathrm{A}^{\omega}+\mathrm{Q}\mathrm{F}- \mathrm{A}\mathrm{C}^{0,0}+(\exists^{2})$ $\Pi_{2}^{1}$ $\mathrm{A}\mathrm{C}\mathrm{A}_{0}$ (
$\mathrm{P}\mathrm{A}$ ) ( $[1]\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}8.3.4$ . ).
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34. $\mathrm{E}$-PRA“ , .
(1) $(\exists^{2})$ ,
(2) $\exists\psi^{1arrow 1}\forall f^{1}$ ( $f$ 0-1 $arrow\psi f$ $f$ ),
(3) $\exists\psi^{1arrow 1}\forall f^{1}$ ( $f$ 0-1 $arrow\psi f$ $f$ ),
(4) $\forall\delta^{1arrow 1}$ ($\forall f^{1}$ ( $\delta f$ 0-1 ) $arrow\exists\gamma^{1arrow 1}\forall g^{1}$ $(\gamma g$ $\delta g$ )),
(5) $\forall\delta^{1arrow 1}$ ($\forall f^{1}$ ( $\delta f$ 0-1 ) $arrow\exists\gamma^{1arrow 1}\forall g^{1}$ $(\gamma g$ $\delta g$ )),
(6) $\forall h^{0arrow 1}$ ($\forall n^{1}$ ( $hn$ 0-1 ) $arrow\exists\beta^{1arrow 1}\forall m^{0}(\beta(hm)$ $hm$ )),
(7) $\forall h^{0arrow 1}$ ($\forall n^{1}$ ( $hn$ 0-1 ) $arrow\exists\beta^{1arrow 1}\forall m^{0}(\beta(hm)$ $hm$ )),
(8) $\exists\psi_{B}^{1arrow 1}\forall f^{1}$ ( $B(f)arrow\psi_{B}f$ $f$ ).
(8) $B$ ,
$B(f)\equiv f$ 0-1 $\wedge\forall n^{0}(n\in frightarrow \in f)$
.
(1) (2) Kohlenbach[4] .
3.4 $(\exists^{2})$ , 2
. (1) $arrow(2)$ . (2) $arrow(3),$ (2) $arrow(4),$ (4) $arrow(5)$ ,
(2) $arrow(6),$ (6) $arrow(7),$ (7) $arrow(8)$ . (5) $arrow(8),$ (8) $arrow(1)$
.
(5) $arrow(8)$ 1 object $f^{1}$
$n^{0}\in g\Leftrightarrow n\in \mathrm{S}\mathrm{e}\mathrm{q}_{2}\wedge(\exists m^{0}(1\mathrm{h}(m)=1\mathrm{h}(n)\wedge(m)_{0}=(n)_{0}\wedge m\in f)$
$\vee\forall l^{0}(1\mathrm{h}(l)=1\mathrm{h}(n)\wedge(l)_{0}\neq(n)_{0}arrow l\not\in f))$
1 object $g^{1}$ ,
\gamma . $\forall f^{1}B(\gamma f)$ , (5) \gamma \beta .
$\forall f(B(f^{1})arrow\gamma f=f)$ , $B(f)$ $f$ $\psi_{B}f$ $f$
.
(8) $arrow(1)$ 1 object $f^{1}$
$n^{0}\in g\Leftrightarrow n\in \mathrm{S}\mathrm{e}\mathrm{q}_{2}\wedge(\psi_{B}\mathrm{S}\mathrm{e}\mathrm{q}_{2}0\neq(n)_{0}\vee\forall i<1\mathrm{h}(n)(fi>0)))$
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1 object $g^{1}$ ,
\mbox{\boldmath $\tau$} . , $\varphi^{2}$ $\varphi=\lambda f^{1}.((\psi_{B}b0)\mathrm{x}\mathrm{o}\mathrm{r}(\psi_{B}(\tau f)0))$ ( ,
$\mathrm{x}\mathrm{o}\mathrm{r}$ , $m\mathrm{x}\mathrm{o}\mathrm{r}n=0\Leftrightarrow mn>0\vee(m=0\wedge n=0)$ )
, $\varphi$ .
32 3.4(6) . K\"onig , 2
object , $\mathrm{E}$-PRA\mbox{\boldmath $\omega$} . ,
3.4(4) . , $\mathrm{E}$-PRA“ WKL
.
35. $\mathrm{E}$-PRA’+QF-AC0.0 ,




$\forall f^{0arrow 1}\forall i^{0}\exists x^{0}\forall m^{0}<i(\exists n^{0}(fmn=0)arrow fm((x)_{m})=0$
.
3.1 , RCA0
$\forall X\forall i\exists x\forall m<i(\exists n(n\in(X)_{m})arrow(x)_{m}\in(X)_{m})$
. $\Sigma_{1}^{0}$ .
35 $f$ , 25 3.1 $g^{0arrow 1}$ , $n^{0}$
$gn$ $fn$ . $i^{0}$ . $l= \max_{j,k<i}\langle j, k\rangle+1$ .
, $\forall j<i\forall k<i(\exists u(fju\mathrm{x}\mathrm{o}\mathrm{r}fku=1)arrow fj(x)(j,k\rangle \mathrm{x}\mathrm{o}\mathrm{r}fk(x)\langle j,k\rangle=1)$
x0 . $h=\lambda k.(\mu j<l.(\forall k<l(fj(x)(j,k\rangle=fk(x)(j,k\rangle)))$ . ,
$\mathrm{x}\mathrm{o}\mathrm{r}$ 3.4 $\mathrm{x}\mathrm{o}\mathrm{r}$ , $\mu j<l.F(j)$ $F(j)\vee j\geq l$
$j$ . $\beta=\lambda k.g(hk)$ , $\beta$ .
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